
 DihedralGroups
Goal studysymmetries of an n gon

Examplei.bg Symmetriesotasgua

LetD8 be the set of symmetries of a square
A symmetry is arigid motion wherethe square is replaced so that
it exactly covers its original position

We start w thesquare w its verticies labelled

TJ we can then replace the square in 8
different ways

D pili i pi p rid
e or l

7 9 I l I I 9leavethe oqotfgtweisechfctftewisecygteftwf.se flip over flip flipover flipover
Sayyaf 1800 woo over

or do ordor3ordur sthen
thens 2 then s

Note that the actions are performed from right to left
This is because we are thinking of these as functions on the
vertices of the square

In fact because our operation is composition of functions we know



per
it's associative We will soon see why it satisfiestheothertwoaxioms

Here is the multiplication table
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1 Check that 1 is in factthe identity

2 Does every element have an inverse What is it i e

what is siri

3 Is the groupabelian

4 Noticethat every element can be written as rist
for OE i E 3 OE j E i What is the rule for writing

any element thisway i e What is Smr

5 What is the order of eachelement

Note that everyelement can be written in terms of s and
r These are called generators



DIE Let G be a group SEG is a set of generators of
G is every element of G can be written as a finite product
of elements of S and their inverses Thin G is generatedbyS

Dihedralgroupsingeneral

Dzn is the groupof symmetries of an n gone

Again we can generate all the elements by a rotation and a
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The 1stposition
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goesto second
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1 I t r r are all distinct and th I so 14h
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3 s t ri for any i
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i e each element canbewritten uniquely as Smr for
me 0,1 he 0 h I

5 rs Sr Sr

Thus s and r don't commute unless h 2 so Dan is notabelian
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Pt ri only fixes 1 if ri l S fixes 1 so Str D

Pfott Sri n i 1 l Srd h j l so i j sri sr.si
since each ett is a bijection on the vertices

Pfof 5 If r s r i thin rn r s rhti l s r i l which

contradicts 3

Thus rs sri forsome it 0 h B
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s l and r 11 2 so vs 11 2

Thus 22g Sri 1 ri l n i n l Thus rs sr Sr D
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s sendswhateverisin theninethatspot

Ptfe We prove rig s r i by induction on i
5 givesthe basecase



Thin vis r ri g r Sr it Csr1 r it gr i D

Note that for each n the generators of Dzn are r s

and we've shown they satisfy ru I 5 1 and rs sr

These are called relations

In fact any other equation involving the generators can be

derived from these

Any such collection of generators 5 and relations R Rm
for agroup G is called a presentation written

G S1 R Rm

So e.g Dan KS th 5 1 rs sr

Note that a presentation is not unique


